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Permselective Membranes 

This study forms part of a project aimed a t  obtaining a better understanding of  the be- 
havior of nonideal permselective membranes. The object here was to determine the applicability 
of the Nernst-Planck equations for studying the behavior of ions in aqueous solutions surrounding 
such a membrane during electrodialysis. 

Attention was confined to  stagnant and laminar flow systems. The processes studied were 
transfer of hydrogen ions, silver ions, and mixtures of  the two through the cation exchanging 
membrane Nepton CR-61. The bulk solution concentrations on either side of the membrane varied 
from 0.01 to  0.20 N, and in a l l  cases the only anions present were nitrate ions. Limiting cur- 
rents for solutions of  silver nitrate were predictable within 15%, with much of  the uncertainty 
resulting from the difficulty i n  defining the l imit ing current. For mixtures of silver nitrate and 
nitric acid the l imit ing currents were predictable within the range of experimental accuracy 
but were found to  be quite sensitive to  small changes i n  the operating conditions. This sensitivity 
results from the very high relative mobility of the hydrogen ions. The relative transport o f  the 
two cations was primarily a function of relative concentration, relative diffusivities, current dens- 
ity, and ion exchange equilibria and was predictable with an accuracy limited only by the uncer- 
tainty o f  the ionic diffusivities and the ion exchange equilibria. 

The diffusivities of  the cations i n  the membrane relative to  the diffusivity of nitrate ion were 
estimated to be about ten times lower than in  solution. This was explained by assuming that  
the cations tended to  concentrate about the anionic fixed charges of the membrane thereby 
partially screening their effectiveness and reducing the mobility of the cations. I n  mixtures, the 
membrane diffusivity of the silver ions relative to the hydrogen ions was lower (by a factor o f  
1.4 to 3.6) than the relative diffusivity i n  solution. This indicated that  silver ions were more 
eosily concentrated about the fixed charges and thereby screened them from both the anions 
and hydrogen ions. 

SINGLE-ELECTROLYTE SOLUTIONS 
SURROUNDING AN ION E X C H A N G E  
MEMBRANE 

Thearet ico l  

A salt solution in steady laminar 
flow between two parallel cation-ex- 
changing membranes is considered 
(Figure 1). A direct current is flowing 
through the solution in a direction per- 
pendicular to the membranes. An ex- 
pression for the theoretical limiting 
current density in this system, that is 
for the average current density when 
the salt concentration is zero at the 
cathodic membrane, will be developed. 
The following assumptions are made: 
steady state, constant temperature and 
pressure, dilute solutions, electroneu- 
trality 8 nt ct = 0. A pseudo binary 

I 
u1 RT 

diffusion coefficient D, 7 - can 
In11 

be used to describe the motion of 
each ion. This point was verified by 
studies on stagnant solutions in con- 
tact with the membrane ( 4 ) .  
The equation of continuity may be 
written for each ion in solution as 

D, n, F -D, div (grad n, c,) - - div 
RT 

(n,  c, grad E )  + div (n, C, - 0) = 0 
(1) 

D-n- F 
RT 

-D- div grad (n- c-) - - d i V  

(n- c- grad E) + div (n-  c- u )  - = 0 ( 2 )  

Solving simultaneously by making use 

of the electroneutrality requirements 
one obtains 
-D, div grad (n+ c,) 

+ div (n ,  c + u )  = 0 

D, D- (n, - n-) 
D,  n, - D_ n- 

( 3 )  - 

Df = ( 4 )  

The current density is obtained by in- 
tegrating Equations (1) and ( 2 )  : 

D+ n+ F -D+ grad n, c, - ~ 

RT 
It, 

n, C, grad E + n, c, TJ - F  = - ( 5 )  

-D- grad n- c- - ~ D- n- F 
RT 

It- 
n- c- grad E + n- c_ u = - 

F (6)  - 

If one neglects convection perpen- 
dicular to the membrane surface, t~ 

equaIs zero at the membrane surface, 
The currept density at  position z can 
then be given in terms of the concen- 
tration gradients at s = h. Combining 
Equations ( 5 )  and (6) one obtains 

1 

(7 )  
The average current density to the 
entire membrane of length L is then 
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1 
(3 = 

(3 t- lik+GI 
lIL (grad n+ c + ) ~ z  (8) 

It is assumed that the transport 
numbers and diffusion coefficients are 
constants (or integrated averages). 
The limiting current may then be 
evaluated from Equations ( 3 )  and 
(8) once the velocity u and the bound- 
ary conditions are specified. These 
factors depend on the cell geometry, 
the type of operation, and the hydro- 
dynamics of the fluid. 

The authors assume as a model for 
their system the tangential laminar 
flow of a large body of fluid past a 
semi-infinite thin flat plate. This model 
should give a good description of their 
system because the path length in the 
direction of flow is small and because 
concentration changes are confined to 
very thin regions near each membrane. 
The localization of concentration 
gradients is a result of the high 
Schmidt number of the diffusing spe- 
cies. In addition the authors shall as- 
sume the concentration of salt in the 
aqueous solution at the cathodic mem- 
brane surface to be constant at zero. 
Salt concentration at the anodic mem- 
brane will not affect limiting current 
under the conditions of operation in 
this experiment. The authors may then 
write for the mass transfer coefficient 
at the cathodic membrane surface ( I )  

(9) 
- - (grad n+ c,),,~ - 

n, c', 

The limiting current for a single 1-1 
electrolyte flowing over a cation ex- 
change membrane is then ( I ,  5, 6) 

2 D,Z; 
dz = 
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Fig 1. Single chamber of the type of ion fractionator considered in this 
paper. 

One may then integrate Equation 
(10) and express the average limiting 
current density as a function of the 
Reynolds number: 

1.33 D, F 

[ 1 - ( 1 + 2) 8-1 

Equation (11) is the defining equation 
for I,. It will be of practical interest 
only if the model upon which it is 
based reasonably describes the actual 
system and if the limiting current so 
defined is useful for design calculations. 

Applicability of the model requires 
that three important conditions are 
met: correct geometry, boundary con- 
ditions, and fluid properties. 

The authors' cell geometry does not 
conform exactly to the boundary-layer 
model used, but because of the high 
Schmidt numbers involved, on the 
order of 1,000, errors resulting from 
improper geometry are not likely to 
be important. The requirement of zero 
concentration at the cathodic mem- 
brane cannot be met exactly either; an 
infinite potential drop across the test 
chamber is needed for this. However 
this condition can be reasonably well- 
approximated at obtainable potential 
drops because the current is approxi- 
mately proportional to the differences 
in boundary concentrations across the 
cell while the potential drop is more 
nearly dependent upon their ratio. The 
critical fluid property is that of an inert 
solvent. Water does dissociate, but the 
resulting hydrogen and hydroxyl ions 
do not play a significant role until the 
concentration of added electrolyte ap- 
proaches their order of magnitude, say 
about lo-'' normal. This is a very small 
fraction of bulk electrolyte concen- 
tration in the work reported here. 

It remains to be shown that the 
limiting current predicted by Equation 
(11) is useful. Clearly the current so 
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predicted is not the maximum current 
that can be passed through the cell; 
because of the rapid dissociation of 
water there is no such limiting cur- 
rent in the practical range of operation. 
However as cathodic boundary con- 
centrations of added electrolyte ap- 
proach about lo-' normal, a large 
fraction of the total current is carried 
by the hydrogen ions formed by dis- 
sociation of water. At  about this 
point the current efficiency for re- 
moving the added electrolyte decreases 
rather abruptly. If the bulk concen- 
tration of added electrolyte is very 
much greater than say normal, 
then these conditions will set in near 
the limiting current predicted by Equa- 
tion (11). In the remainder of this 
paper the current at which this un- 
favorable behavior becomes noticea- 
ble will be referred to as the limiting 
current. This definition is both limited 
in concept and arbitrary. Neverthe- 
less Equation (11) gives a good quan- 
titative indication of the onset of these 
unfavorable operation conditions; that 
is it is a useful definition of limiting 
current. 

Experimental 

Transport numbers and limiting currents 
were measured as functions of concentra- 
tions and flow rates. 

A Lucite six-compartment electrolytic 
cell with two silver electrodes was used. 
Figure 2 shows the dimensions of the 
chambers. The partitions are Nepton CR- 
61 cation and Nepton AR-111A anion 
selective membranes. The arrangement of 
the chambers is shown in Figure 3. All 
chambers, except for the feed chamber 3, 
were baffled to insure mixing near the 

TABLE 1. TRANSPORT NUMBERS FOR SILVER 
ION JUST BELOW THE LIMITING CURRENT 

IN NEPTON CR-61 MEMBRANES 

t A s  c'ag, meq./ml. N B B  

0.71 0.158 0 
0.73 0.137 34 
0.74 0.145 221 
0.71 0.0167 0 
0.67 0.0157 41 
0.71 0.0167 216 
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Fig. 2. A six-compartment cell with silver 
electrodes. 

membrane surfaces. The concentration of 
electrolyte in compartment 3 was several 
times lower than in the other compart- 
ments to permit the study of polarization 
effects in the feed without having ap- 
preciable polarization in the other com- 
partments. 

Solutions were prepared with reagent 
grade silver nitrate, nitric acid, and sodium 
nitrate in distilled water. The distilled 
water was degassed to pH 7 to eliminate 
all carbon dioxide. The solutions were not 
however protected from further absorp- 
tion of carbon dioxide from the atmos- 
phere, and it is possible that such ab- 
sorption could result in a suppression of 
absorption could result in a suppression of 
the pH changes measured later. This point 
was not fully appreciated during the course 
of experimentation, and it is not possible 
to estimate the extent of carbon dioxide 
contamination accurately. It is however 
felt by the authors that this effect was 
small, and it seems very unlikely that it 
would have any substantial effect on the 
conclusions drawn from the data. 

Voltmeter leads were soldered to the 
electrodes. An ammeter was put in series 
with the cell. For very low currents the 
potential across a resistor in series with the 
cell was used for more accurate measure- 
ment. The electrolyte was circulated by 
gravity flow through the six chambers and 
recycled to constant-head tanks by a sigma 
displacement pump. The electrode com- 
partments were connected to maintain a 
constant concentration and to neutralize 
electrode reaction products. The mem- 
branes were arranged so that a steady flux 
of silver or hydrogen ions occurred in 
compartment 3. Data were taken after the 
system had attained a steady state. 

The transport numbers were determined 
by measuring the amount of silver or 
hydrogen ions in product compartments 
4 and 5. Then 

(no. of equivs of Ag+) F 
( I A )  (time) 

t.4g = (12) 

( 12a) 
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silver ion concentration was measured 
potentiometrically with a modified version 
of the method of Kolthoff and Lingane 
( 5 ) .  The over-all accuracy was % 0.2%. 
Hydrogen ion concentration was measured 
potentiometrically with a saturated quin- 
hydrone electrode. The over-all accuracy 
was +- 0.8%. 

Two arbitrary experimental definitions 
of Iimiting current were used: 

The current density at which the pH 
in chamber 4 changed from 7 to 5 within 
10 min. of steady state operation, a pH 
meter was used; and the current density 
at which a maximum rate of change of 
potential with current across the whole 
cell AE/Al  was observed. 
These are simply measures of the onset 

of the unfavorable operating conditions 
discussed above; they have no precise 
theoretical justification. Other definitions 
could have been used, for example the 
current at which the rate of change of 
ampere efficiency was greatest, but these 
were chosen for simplicity and reliability 
with the authors' experimental setup. The 
first of these two definitions is quite 
sensitive to operating conditions and details 
of equipment design. It is not recom- 
mended as generally applicable, but it was 
useful here as a sensitive measure of 
hydrogen transfer. The second definition is 
susceptible to precise measurement and 
can be used even for acidic or basic solu- 
tions, It should be generally useful, par- 
ticularly for truly one-dimensional systems 
such as the nonflow systems studied here. 
For an inert solvent dE/dl  should become 
infinite at limiting current. For real sys- 
tems it will always give too high a limiting 
current because solvent dissociation will 
occur thereby suppressing the change in 
slope. However a sharp change in slope 
was always observed in these experiments. 
Figure 4 is a typical result. 

Results 

Transport Numbers. Figure 5 is 
representative of the experimental sil- 
ver ion transport numbers. 

At current densities below 1.0 ma./ 
sq. cm. the silver ion transport num- 
bers increased with decreasing current 
density and an appreciable amount of 

a, Uarg 

dimensionless 

Nae = -, 
Y 

0 
0 
0 
0 

34 
63 
95 

216 
221 
126 
220 

IL - from pH, 
C0 

ma./sq. cm. 
meq./cc. 

16.4 
15.8 
15.8 
16.2 
47.6 
65.6 
75.2 

117.0 
117.0 
- 
- 
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Fig. 3. Schematic diagram of cell for the 
single-electrolyte system. 

silver ions showed up in compartment 
5. These effects are probably due to a 
Fickian diffusion of sodium ions from 
compartment 4 to 3 and silver ions 
from compartment 6 to 5. The magni- 
tude of this diffusion can be roughly 
approximated by using Fick's &st law: 

Assuming a membrane diffusion coef- 
ficient of about 10" sq. cm./sec., a 
membrane normality of 2.0 equiva- 
lentdliter, a membrane thickness of 
0.8 mm., and a linear concentration 
gradient, one calculates a flux of ap- 
proximately 0.25 ma./sq. cm. No such 
anomalous transier was noted at higher 
current density, and it is probable 
that it was not an important factor 
above 2.0 ma./sq. cm. Nevertheless 
the data in Figure 5 must be con- 
sidered as tentative since nitrate trans- 
port numbers were not measured. This 
matter is being actively investigated. 

Above about 1.0 ma./sq. cm. there 
is only a relatively small decrease in 
the transport number of the silver ions 
(that is membrane efficiency) with in- 
creasing current density. When the 
limiting current is reached, there is 
then a sharp drop because of hydrogen 
ion transport. The transport numbers 
that are of particular interest for 
Equation (11) are those found on just 
approaching the limiting current. 
These values are shown in Table 1. 

TABLE 2. EXPERIMENTAL LIMITING CURRENTS 

AgNO-Nepton CR-61 membranes 
HNO-Nepton CR-61 membranes 

experimental 
theoretical 

from pH measure 

1.19 f 0.12 
1.14 rt 0.12 
1.14 f 0.12 
1.17 f 0.12 
0.89 2 0.13 
0.90 2 0.14 
0.84 2 0.14 
0.87 f 0.16 
0.86 f 0.16 
c - 

- 
IL - max. resistance, 
C" 

ma./sq. cm. 
meq./cc. 

22.0 
19.6 
19.6 
18.6 
61.2 
77.4 
90.4 

132.0 
132.0 
150.0 
176.0 

The over-all precision of the transport 
numbers, considering analysis, dilution 
from water transport and sampling 
technique, is probably +3%. Within 
this precisipn the transport number at 
the limiting current does not seem to 
be affected very much by total cur- 
rent, bulk concentration, or flow con- 
ditions. A single average value of tAs 
= 0.71 5 0.03 was thus used to cor- 
relate limiting current data. 

The sharp changes in pH that oc- 
curred when silver ions were migrat- 
ing were not observable with nitric 
acid. It was thus easier to locate the 
limiting current by changes in the 
over-all resistance of the cell. Over 
the same range of variables the trans- 
port number of the hydrogen ions at 
limiting current was tp+ = 0.91 4 
0.03. 

These transport numbers were used 
to approximate the diffusivity of the 
cations relative to the nitrate ions in 
the membrane. If one assumes ideal 
solutions, a resin normality of 2.0, and 
a solution normality of 0.3, the con- 
centration of nitrate ion in the mem- 
brane is, very roughly 
(CN03) m ( c N 0 3  + 2.0) m 

= ( c A ~ ) ,  ( c N o ~ ) ,  = (0.3)' (13) 

( C N O ~ ) ~  0.05 (13a) 
The relative diffusivity is then ap- 

proximately 

t a g  0.71 
t N O a  0.29 D N O n m  

Similarlv 

(5) - 0.3 (14b) 
D~~tnr 

These compare with the values (Ode) / 
( D N O 3 )  = 0.87 and ( D = ) / ( D N o ~ )  = 
4.9 in solution. An interpretation of 

experimental 
theoretical 

from max. resist. 

1.60 f 0.18 
1.42 t 0.16 
1.42 & 0.16 
1.35 f 0.15 
1.14 f 0.16 
1.06 f 0.16 
1.01 2 0.16 
0.98 rt 0.18 
0.97 f 0.18 
0.32 & 0.12 
0.29 f 0.12 

C A B  COX, 
meq./cc. meq./cc. 

0.158 
0.145 
0.137 
0.0167 
0.137 
0.0196 
0.0167 
0.0167 
0.145 - 0.07 - 0.07 
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TABLE 3. CELL DIMENSIONS AND WORKING EQUATIONS Agreement is good with pH measure- 
ments but poor with resistance meas- 
urements. The limiting currents with 
silver nitrate solutions in laminar flow 
are predictable from Equation (11) : 

Volume = 46.2 cc. 
Length = 10.16 cm. 

Equivalent diameter = d. = 

h = 0.5 em. 

4 x cross section 

wetted perimeter 
= 1.64 cm. 

a* U,", 
N R s  = - - - 173.2 U,,, 

2 
sq. cm. 

sec. 
sq. cm. 

see. 

D A ~  = 1.65 X lo4- 

D N O Q  1.9 x 

DH = 9.3 x 
D*HNO~ = 3.16 X lo-'- sq. cm. 

see. 

this difference is that the cations are 
not uniformly distributed in the mem- 
brane phase but rather they are con- 
centrated around the anionic fixed 
charges. This results in a decrease in 
the diffusivity of the cations relative 
to the nitrate ions because of electro- 
static attraction to the fixed charges. 

This interpretation must be tenta- 
tive and can be checked by measuring 
the concentration and diffusivities of 
all ions in the membrane. This is being 
done by one of the authors. 

Limiting Currents. Table 2 is a sum- 
mary of the experimental values of 
(F,,) / ( c"+) . The resistance measure- 
ments give high values of the limiting 
current, since the conductivity of the 
solution is maintained when dissocia- 
tion of the water becomes important. 
The pH measurements, on the other 
hand, should be sensitive indicators, 
since hydrogen ion leakage (from dis- 
sociation of water) is likely to be de- 
tectable when the silver concentration 
at the solution-membrane interface is 
still appreciable. The situation is ag- 
gravated by the very high mobility of 
hydrogen ion. Secondly, the assump- 

0 20 40 6 0  8 0  I0 12 

I [*I 

Fig. 4. The limiting current from a maximum 
rate of change of potential. 
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tap = 0.29 20.03 

t H  0.91 k0.03 

tion of constant wall concentration is 
not completely certain. I t  is probable 
that the downstream current densities 
are higher than predicted. As a result, 
hydrogen ion leakage probably occurs 
before the upstream portions of the 
cell are completely polarized. 

The experimental limiting currents 
now compared with those predicted 
from Equation (8) for stagnant films 
and Equation (11) for laminar flow. 
The dimensions of the cell and other 
pertinent data are listed in Table 3. 

The limiting currents through stag- 
nant films of silver nitrate solutions 
are predictable from Equation (8) : 

CO+ grad n, c, = - 
h 
2 

(15a) 

ma./sq. cm. 
g.-moles/liter 

- 13.8 * 1.4 
- 

(15b) 

The comparison between experiment 
and theory is indicated in Table 2. 

1.0 

l4 0.11 

Fig. 5. Transport numbers of silver in a Nepton 
CR-61 membrane. 
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(5) theoretlenl 
ma./sq. cm. 
g.-mole/liter 

= 9.2 ( N n e ) l ' '  

(16) 

The comparison between experiment 
and theory is indicated in Table 2. A 
plot of the experimental data gives 
the following results: 

= 13.4 (NR,)0~4a from resistance 

Both sets of data agreed well with 
theory, but the pH measurements 
showed a Reynolds-number depend- 
ence in better agreement with theory. 
The predicted limiting currents with 
nitric acid solutions in laminar flow 
are 

measurements (18) 

ma./sq. cm. 
g.-mole/liter 

= 42 (Nns)"' 

Two limiting currents obtained by 
resistance measurements were low by 
more than 100%. The resistance meas- 
urements appear to be unreliable in 
this case, but the reasons for this very 
poor agreement are not known. 

TWO-ELECTROLYTE SOLUTIONS 
SURROUNDING AN ION EXCHANGE 
MEMBRAU E 

Theoretical 
The development is again for a 

single chamber of a fractionating unit 
(Figure 1) .  The same assumptions are 
also made. The equation of continuity 
must be written for cations 1 and 2 
and anion (-) [Equations (1) and 
(2)]. Solving the equations of con- 

Fig. 6. Schematic diagram of cell for the two- 
electrolyte system. 
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Fig. 7. Efficiency of Nepton CR-61 membrane for system of 
silver nitrate-nitric acid. 

By writing the same equation for 
cation 2 one may obtain the relative 
transport in terms of the concentra- 
tions at the membrane-solution inter- 
face. The interfacial concentrations 
are dependent upon the rate of migra- 
tion of the ions in the solutions bath- 
ing both sides of the membrane, the 
rate of migration of the ions within 
the membrane and also upon the equi- 
librium that exists between phases. A 
complete description of a three-ion 
system involves a set of nine flux 

1 +- +- L% Den2 D-n- 

tinuity simultaneously by making use 
of the electroneutrality requirement, 
one obtains: 
D, n2 [ Dtl div grad n, c, 

- d i v n , c l ~ l  + D,n, [Dt, 
div grad Gc, - div n, c, u] = 0 

The mean diffusivities D, are de- 
fined by Equation (4) with the sub- 
scripts referring to the corresponding 
cation. The two bracketed terms of 
Equation (20) are mutually depend- 
ent, and analytical solution presents 
some difficulty. If however one as- 
sumes independent migration of all 
ions in the dilute solution, each term 
can be set equal to zero. This fixes 
each concentration gradient independ- 
ently, thus permitting an analytical 
solution in the same manner as with 
the single electrolyte. Data presented 
below, and also the results of a pre- 
vious investigation (3, 4 ) ,  demonstrate 
the validity of this assumption, 

The current density is obtained by 
writing the Nernst-Planck equation 
for each of the three ions and com- 
bining with the electroneutrality re- 
quirement to obtain [see Equations 

- 
(20) 

brane efficiency. The mathematics is For the case at hand n, = n, = -n- 

( 5 ~  w, and (7)1 

It can be shown [starting with Equa- 
tion (28)] that at the limiting current 

t , = -  - & = -  - (1 - t1 - t - )  

(25) 

Di ci" Di c," 
D, D, czo 

Equation (25) enables one to elimi- 
nate two of the transport numbers in 
Equation (24) and thus make it easier 
to use. Equation (25) may be rewrit- 
ten to give 

+- 

equations, three electroneutrality con- 
ditions, two equilibria, and the appro- 
priate boundary conditions. A complete 
solution to such a set of equations en- 
ables one to obtain interfacial concen- 
trations, membrane efficiency and all 
transport numbers a priori ( 1 2 ) .  

This development will utilize an as- 
sumption which enables one to obtain 
relative transport and interfacial con- 
centrations from the properties of the 
anolyte solution and a measured mem- 

( c : n 2 + c : n 3 ) -  [ 'nl n, Dl ) C; ] t- (26) 
n D- 

= 1. thereby reduced to the solution of 
three flux equations, one electroneu- Combining Equations (24) and (26) 

One Obtain a working equation for trality condition, and one equilibrium. 
two 1-1 electrolytes sharing the same 
anion: 

The assumptGn is that the relative 

r _. 118 _. 1 1' y, + 2 y,j [Dlyl + D,y,l 
(E> - 4 F  D=i Dt? tl +"] - 

cTa ( Nne)'/' 3 (deL)'" 
(i)s [& +I),n, D-n- 

=-  [grad(l-:)c, 1- [ ( I  J - $ ) Y ~ L  (1+;)91]+ (27) 

Here + grad( 1 -5)  c3] (21) 

Since the gradients are fixed independ- 
entIy of one another, one obtains for 
limiting current 

Cr0 = c: + C 2 O  (27a) 
The relative transport numbers of the 
two cations may be found by 
the equation of continuity for each 
cation. Thus for cation 1: 

transport in the membrane is directly 
ProPo*onal to the 
trations in the membrane at the mem- 
brane-solution interface: 

n- #=h,  i 

(- grad n, c,) .=h = 0.332 

(- grad n, c,) ,=b = 0.332 

The average current density 
the entire membrane of length 
then obtained by integration: 

- ( N h )  lj2 
(d.L)'" 

(ZL) = 0.6641: - 

over 
L is 

where: 

a =  

a 
- 
nlb tl lp:+& l+2 ] 

C1O 2 p - - P  
(28) 

Dl(a + nib) I c1 = 
~ 

$l* 

(29) 
t, D,, wa c ' ,~  

t l  t, D,, %a cx2,,, 
- __- - -  z; b=TD,n,  This assumes that the current with- 

in the membrane is primarily due to 
electromigration because of the follow- 
ing conditions: the amount of Donnan 

( 2 8 ~ )  

(28b) p = c1 + G + C- 
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sorption is small relative to the fixed 
charge of the membrane N ,  >> n-c-; 
the net flux of the restricted ion is 
small: 

These conditions imply a highly 
charged, efficient membrane. 

Combining Equations' (28) and 
(29) with the expression for the equi- 
librium at the interface 

one can get the following equations: 

r 

Ia;/a;) 

Fig. 9. Relotive tronsport of silver ond hydrogen ion in Nepton CR-61 
membranes. 

at a solution normality of 0.04 for 
Nepton CR-61 in contact with nitric 
acid and silver nitrate. Membranes of 
this type are highly selective toward 
the silver ion and also have a lower 
specific volume in the silver form rela- 
tive to the hydrogen form (10) .  These 
facts are indicative of an ion pairing 
of the silver ions with the fixed charges 
of the membrane. This investigation 
shows that the mobility of the silver 
ions is greatly reduced relative to the 
hydrogen ions which is also indicative 
of at least a strong concentrating of 
silver ions about the fixed charges. 

The curve of tAg/tH vs. C"A,/C", 
(Figure 9) shows that a (the slope of 
the secant between the origin and a 
given point on the curve) decreases 

a a 7  

Experimental 

The experimental work was the 
same as previously described except 
that mixtures of nitric acid and silver 
nitrate were used. (Figure 6). 
Results 

Relative Transport Numbers. Figure 
7 shows that the efficiency of the 
membranes tAz + t H  may be increased 
by lowering the current density and/ 
or decreasing the relative amount of 
silver ion in the solution. The esti- 
mated experimental error in t A g  + t, 
was about & 3.5%. The membrane 
efficiency at limiting current varied 
from about 71% for silver nitrate to 
about 91% for nitric acid. 

Figure 8 shows the ion exchange 
equilibrium constant KD as a function 
of solution and membrane composition 
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C*" 1 
from 0.26, initially, to a value of 0.20 
at C " ~ ~ / C ' ~  = 12. This can be caused 
by a combination of factors, since a 
is a complicated function of a number 
of variables. I t  is more interesting to 
plot tAg/ tH as a function of the relative 
concentration in the membrane cairn/ 
cHm. The slope of the secant from the 
origin to a point on the curve is equal 
to the relative membrane diffusivity 
D , , , / D H ,  [Equation (29) 1. The rela- 
tive difhsivity D A g / D H  in solution is 
equal to 0.178, whereas in the mem- 
brane it varies from about 0.05 for 
low values of (cA./cH) to about 0.12 
for high values of ( c A ~ / c H ) .  This dif- 
ference can be interpreted in terms of 
ion pairing. 

Since the silver ions are more easily 
paired (or concentrated about the 
fixed charges), they tend to screen 
both the hydrogen and nitrate ions 
from the effects of the fixed charges. 

A fraction of the silver ions can be 
thought of as being immobilized by 
the electrostatic attractions with the 
fixed charges. If it is assumed that all 
of the decrease in the relative diffusiv- 
ity is due to silver ion pairing, then 
the percent association of the silver 
ions with the resin matrix is calcu- 
lated to vary between 72% for low 
values of (cAg/cH) to about 33% for 
high values of ( c A , / c H ) .  

It was also found that the relative 
transport was insensitive to changes in 
Reynolds number of from 63 to 220. 
This has also been found to be true 
for solutions of glycine and sodium 
chloride in contact with an Arnberplex 
anion exchange membrane (3).  Theo- 
retically this indicates that the indi- 
vidual concentration profiles are linear 
and independent. Measurements of 
concentration profiles showed this to 
be true ( 4 ) .  

Another way of examining the dis- 
tribution factor a is to plot ( tAg)  1 ( t H )  

( ceH) / ( coA,) VS. current density (Fig- 
ure 10). The data scatter at any par- 
ticular current density which is to be 
expected since a is a complicated 
function of concentration, flow rate, 
etc. There is however a tendency for 
O( to decrease with increasing current 
density. If a single curve is drawn 
through the data, a limit of about 0.18 
is approached at high current density. 
The theoretical limit of a = DA,/D, 
= 0.178 is obtained from Equation 
(18). Extrapolating the curve to zero 
current density gives one a value of a 
= 0.35. The theoretical limit at zero 
current density is obtained from Equa- 

tion (32) as cy = (g) KD, 
rn 

Using the calculated values of ( D A L /  

D n ) ,  from Figure 9 and the equilib- 
rium constants from Figure 8 one ob- 
tains values for a varying between 
0.35 for low values of (cae/cH) and 
about 0.30 for high values of ( cA, /cH) .  

The same agreement between experi- 
ment and theory has been obtained 
before by these authors on a glycine- 
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TABLE 4. EXPERIMENTAL LIMITING CURRENTS 
AgNO-HNO-Nepton CR-61 membrane 

Experimental values 
IL IL 

CUT C"T Nac'/"' Theoretical values 

- - 
- 

- 
ma./sq. cm. ma./sq. cm IL 

moles/liter moles/liter c" T 

- 

214 
105 
52 

408 
568 
328 
173 
172 
456 

- 85-2,000 
- 58-175 
- 31-58 
51 400-1,760 
47 480-720 
41 3 2 0 - 4 4 0 
29 190-310 
22 96-320 
31 145470 

sodium chloride-Amberplex anion ex- 
change membrane system (3) .  In that 
investigation (Y varied from 0.027 at 
zero current to 0.500 at high current. 
The theoretical values were 0.026 to 
0.530. 

Limiting Currents. The limiting cur- 
rents were found by measuring the 
rate of change of resistance as a func- 
tion of current density. Figure 4 is a 
typical result. The experimental limit- 
ing currents were compared with those 
obtained from Equations (27) and 
(33):  

E 

The experimental results are tabulated 
in Table 4. The range of theoretical 
values are based on absolute errors of 
-C 0.03 in the transport numbers for 
the nitrate ions. In the region 0.05 < 
yAx < 0.6 the uncertainty of the theo- 
retical limiting current due to small 
positive errors becomes enormous be- 
cause the denominators of Equations 
(34) and (35) get very small. The ex- 
perimental limiting currents generally 
fell within this range. Since diffusivi- 
ties were calculated for ions at infinite 
dilution, and the nitrate ion transport 
numbers were determined from the dif- 
ferences ( I  - tH - tAC) ,  it is surpris- 
ing that the experimental values 
agreed as well as they did with theory. 
Actually the equations are unreliable 
under these conditions, since even the 
heterogeneity of a single sheet of 
membrane might be enough to cause 
large differences from one section to 
the next. 

CONCLUSlONS 

The Nernst-Planck equations de- 
scribe the behavior of ions near a 

- 
- 
- 

50-220 
41-60 
40-55 
32-52 
12-40 
10.32 

0.143 
0.445 
0.760 
0.18 
0.42 
0.44 
0.46 
0.76 
0.82 

0 
0 
0 

63.5 
146 
63.5 
36.5 
63.5 
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membrane. It is possible to assume 
independent migration of the ions and 
the pseudo-binary diffusion coefficients 
can be evaluated from available mobil- 
ity data. 

Limiting currents are predictable 
within the range of variation in the 
experiments. Under certain conditions 
the predicted values are very sensi- 
tive to small variations in the physical 
properties of the system. 

The relative transport of two cations 
is primarily a function of relative con- 
centration, relative diffusivity, current 
density, and ion exchange equilibria 
with the hydrodynamics of the solu- 
tions being less important. The de- 
rived equations can be used to predict 
the separability. 

The diffusivities of the cations in the 
membrane relative to the diffusivity of 
nitrate ion are ten times lower than 
in solution. This is explained by the 
assumption that the cations tend to 
concentrate nearer the anionic fixed 
charges of the membrane. The net re- 
sults are a decrease in mobility of the 
cations and a partial screening of the 
effectiveness of the membrane. 

In mixtures the diffusivity of silver 
ions relative to hydrogen ions in the 
membrane is smaller (by a factor of 
1.4 to 3.6) than the relative diffusivity 
in solution. This indicates that silver 
ions are more readily concentrated 
about the fixed charges and thereby 
screen the fixed charges from both the 

I I m a / C . 2 1  

Fig. 10. The distribution coefficient as a func- 
tion of current density. 

migrating anions and the hydrogen 
ions. Calculated values of between 33 
to 72% association of silver ions is 
consistent with the fact that the equi- 
librium distribution strongly favors the 
silver. 
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NOTATION 

= constant equal to 

sq. cm. 

q = constant equal to 

sec.-moles/sq. cm.-equiv. 

liter 
= concentration of ion i, moles/ 

= equivalent diameter of a duct, 
cm . 

= diffusion coefficient for ion i, 
sq. cm./sec. 

= mean diffusion coefficient for 
an electrolyte, sq. cm./sec. 

= electrical potential, v. 
= Faraday's constant, 

cal./v. equiv. 
= one half the distance between 

two parallel membranes, cm. 
= electric current density pass- 

ing through a cell with re- 
spect to stationary coordinates, 
ma./sq. cm. 

= mass transfer coefficient, cm./ 
sec. 

= equilibrium constant for an 
ion exchange reaction 

= path length parallel to the 
membrane surface ( z  direc- 
tion), cm. 

= average normality of the 
permselective membrane, 
equiv. /liter 

= valence of ion i including the 
sign (negative for anions and 
positive for cations) 

= gas constant, cal./mole-OK. 
= distance perpendicular to 

membrane surface, (cm.) 
= absolute temperature, O K .  

= average transport number for 
ion i 

= average velocity of the fluid 
parallel to the membrane sur- 
face (in the z direction), 
cm . /sec. 

= mobility of ion i, sq. cm./ 
sec.-v. 

= mass average velocity, cm./ 
sec. 

= molar average velocity, cm./ 
sec. 
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= mole fraction of ion j in the 
membrane based on the molar 
concentration c,’ 

= mole fraction of ion j in the 
solution based on the molar 
concentration cso 

= distance parallel to the mem- 
brane surface, cm. 

= separation factor 
= thickness of the stagnant dif- 

fusion layer, cm. 
= total ionic concentration, 

moles/Iiter 
= kinematic viscosity of the SO- 

lution, sq. crn./sec. 

Dimensionless Groups 

N R s  = Reynolds number = d,U/u 
Nso,  = Schmidt number for ion i = 

v/D+ 

Superscripts 
o 
I = interface between the mem- 

brane and the solution 

= bulk of the solution 

= an anion 
+ = a cation 
I = bar over symbol represents an 

- 
- 

average value 

Subscripts 

2 = mean value 
A or - = an anion 
c or + = a cation 
i, i 
1, 2 
L = limiting condition 
m = membrane phase 
s = solution phase 
T = total 

= ion i and ion i respectively 
= ion 1 and ion 2 respectively 
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Volumetric Properties of G a s  Mixtures 

Containing One or More Polar Components 
R. F. BLANKS and J. M. PRAUSNITZ 

University o f  Colifornia, Berkeley, Cal i forn ia  

A study has been made of the second virial coefficients of binary gas mixtures containing one 
or two polar components. Methods for calculating these coefficients are presented. The inter- 
action coefficient Baj for a polar-polar interaction cannot be calculated with the Stockmayer 
potential with pure component parameters only; such calculotions tend to underestimate the 
strong forces o f  attraction between dissimilar polar molecules. It is shown that  the characteris- 
t ic distance for the reduced dipole moment for two dissimilar polar molecules is less than the 
arithmetic average of the distance parameter of the similar molecules by on amount which can 
be related to the enthalpy of complex formation. When this corrected collision diameter is used 
in the Stockmoyer potential, good results can be obtoined for interaction coefficient Bij .  In the 
case of a polar-nonpolar mixture the coefficient B i j  depends on dispersion and on induction 
forces. Techniques are proposed for estimating these forces from pure component parameters, 
and it is shown that  for accurate calculation of B i j  it is necessary to correct for the displace- 
ment of the dipole from the center of the polar molecule. The paper concludes with some 
illustrotions of how these ideos may be applied to  typical chemical engineering problems. 

The aim of this work is to present 
techniques for estimating vohmetric 
properties in the moderate density re- 
gion for gas mixtures containing one 
or more polar components. Previous 
studies on the volumetric properties of 
gas mixtures are almost entirely con- 
cerned with nonpolar mixtures, but 
this work considers the available ex- 
perimental data and theory for gas 
mixtures which contain one or more 
polar components. This study is con- 
fined to intermediate densities, for it 
is only under such conditions that the 

results of statistical thermodynamics 
can be conveniently utilized in apply- 
ing the theory of intermolecular forces 
to the prediction of macroscopic prop- 
erties. 

For densities up to approximately 
one-half of the critical, the pressure 
of either a pure or mixed gas is ade- 
quately represented by the virial equa- 
tion terminated after the second virial 
coefficient: 

For a pure gas, B is a function of 
temperature only. For a mixture, B is 
also a function of composition, and it 
has been shown theoretically (6, 13)  
that the composition dependence for 
a mixture containing n components is 
given by 

Prediction of the volumetric proper- 
ties of gaseous mixtures in the moder- 
ate density region therefore reduces to 
the prediction of the various coeffi- 
cients B i j  which depend on the tem- 
perature and on the physical proper- 
ties of the components i and /. For 
mixtures containing one or more polar 
components three types of second 
virial coefficients are needed. First 
there is the case where i = i, and in 
this case the virial coefficient B4+ (or 
B j , )  refers to interactions between 
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